More quantum noise from wormholes by Stanford, Douglas
More quantum noise from wormholes
Douglas Stanford
Stanford Institute for Theoretical Physics,
Stanford University, Stanford, CA 94305
Abstract
For black hole evaporation to be unitary, the naive density matrix of Hawking
radiation needs to be corrected with a sprinkling of pseudorandom “noise.” Using
wormholes, semiclassical gravity appears to describe an averaged “true random” the-
ory of this noise. We discuss the wormholes in dilaton gravity theories with matter.
They are classical solutions that depend on a small amount of backreaction from
matter fields, and they are closely related to the wormholes that give the Page curve.
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1 Introduction
Many observables in finite-entropy quantum systems exhibit a type of pseudorandom “noise” that
reflects the underlying discreteness of the Hilbert space. An important problem is to identify
where this noise comes from in the gravity dual [1, 2, 3, 4, 5]. This is challenging, partly because
the specific pseudorandom noise for a given system will be quite complicated. However, one can
imagine a simple effective description where the pseudorandom noise is approximated by true
randomness with the right statistical properties. And at least in some cases [6, 7, 8, 9, 10], this
“true random” theory is actually reproduced by simple gravity computations.
Wormholes are the key ingredient in the bulk description of this averaged noise. Somewhat
similar wormholes have also been shown to underly the “Page curve” computations [11, 12] of
the entropy of radiation emitted by an evaporating black hole, see [13, 14]. To understand the
relationship, we will study the “noise” that underlies the Page curve – the erratic off-diagonal
elements that must correct Hawking’s thermal answer for the density matrix of the radiation.
Consider the state of a partially evaporated black hole B and its radiation R
|Ψ〉 ∝
∑
i
|ψi〉B|i〉R. (1.1)
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The |i〉 form an orthonormal basis of the radiation corresponding to definite sequences of Hawking
emissions, and |ψi〉 is the state of the black hole that is left behind after emitting sequence i:
|i〉 = sequence of Hawking radiation emissions (1.2)
|ψi〉 = leftover state of BH. (1.3)
The states |ψi〉 are not necessarily orthogonal: they are just whatever you get after emitting
sequence i. Concretely, they can be prepared by acting with annihilation operators on the initial
state of the black hole, removing one Hawking particle at a time:
|ψiW 〉 = Wn(tn) . . .W2(t2)W1(t1)|ψ〉. (1.4)
Of course, we can also let the W operators be more general than annihilation operators. Then
(1.1) would represent the state of a black hole interacting with a bath in some other way.
Now, consider the matrix of inner products 〈ψi|ψj〉 for states constructed this way, but with
different sequences of operators. This directly determines the density matrix of the radiation, as
one can see by tracing over the black hole system B,
ρR = TrB|Ψ〉〈Ψ| ∝
∑
ij
〈ψj|ψi〉B |i〉〈j|R. (1.5)
What should we expect for the matrix of inner products? If the operator sequences are quite
different from each other, it might be reasonable to model the |ψi〉 as random states in an
eS-dimensional Hilbert space. Then (if the states are normalized) one would expect to find
something of the form
〈ψi|ψj〉 = δij + e−S/2Rij. (1.6)
This has a big diagonal term and a small off-diagonal term proportional to a pseudorandom ma-
trix Rij of complex numbers with magnitudes of order one. This “noise” is small but important:
without it, the density matrix of the radiation would be diagonal, with an entropy that grows
forever. But with the noise, unitarity (and the Page curve) can be restored [15].
As an illustration of Rij, one can consider states of the form (1.4) in the SYK model [16, 17,
18], where the sequence of operators is a random string of fermions, with real time evolution in
between. The matrix of inner products can be plotted as a heatmap:
Re 〈ψi|ψj〉 = , Re Rij = . (1.7)
Here red means positive, blue mean negative, and white means zero. At right, we removed the
diagonal and rescaled the remainder, to make the e−S/2Rij term visible.
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To what extent can gravity describe Rij? More precisely, to what extent can a low-energy
semiclassical description of gravity (without branes, strings, and whatever degrees of freedom
account for the microstates of the black hole) describe it? On the one hand, Rij is a complicated
quantity, and it doesn’t seem likely that a simple gravity theory will be able to produce it. But
on the other hand, recent successful computations of the Page curve [11, 12] show that simple
gravity theories must know something about this noise.
To probe this, one can compute the matrix of inner products directly, using semiclassical
gravity. In a sense, this is asking an unreasonable question – something that a simple gravity
theory should not be able to answer – and one might expect to find some breakdown in the
calculation. Instead, gravity finds a creative way to sidestep the complexity of the Rij matrix
and to give a simple answer. Schematically, it predicts
〈ψi|ψj〉 = δij (1.8)
|〈ψi|ψj〉|2 = δij + e−S. (1.9)
In the first line, we find the naive answer, with the noise term Rij set to zero. But when
we compute the square of the inner product, there is an off-diagonal e−S term coming from a
wormhole contribution. This piece is not the actual erratic term that one would have expected
from the quantum noise, but it has the right average value. Following [19, 20, 21, 22] and recent
work [6, 23, 7], this was interpreted in [14] as indicating that gravity is secretly computing the
average over some kind of ensemble of quantum theories. In this ensemble, Rij has mean zero
and a variance of order one, so the averages are
E
{
〈ψi|ψj〉
}
= δij (1.10)
E
{
|〈ψi|ψj〉|2
}
= δij + e
−S. (1.11)
So the gravity answers make sense if we interpret them as implicitly computing E of whatever
we were actually trying to compute. This wouldn’t make much difference for self-averaging
quantities (like the entropy), but it matters for 〈ψi|ψj〉.
We will explore the wormhole that gives the e−S term in (1.9), in a special case where the
initial state in |ψiW 〉 = Wn . . .W1|ψ〉, is the thermofield double state, and where the operators
act on only one side. Then 〈ψiV |ψiW 〉 is just a special case of a thermal correlation function:
〈ψiV |ψiW 〉 =
W1W2W3W4
V1 V2 V3 V4
=W1
W2
W3
W4
V1
V2
V3
V4
. (1.12)
Here the circular parts of the figures represent Euclidean evolution, the straight parts represent
real time evolution, and the W s and V s are operator insertions. The RHS is a thermal trace
of real-time evolved operators. It will be convenient to also allow a bit of Euclidean evolution
between the operators, so the general thing we will study is
Tr
[∏
k
e−τkHOk
]
, τk ∈ C, Re(τk) ≥ 0, (1.13)
where the Ok operators run over both the W and V operators. The quantity 〈ψi|ψj〉 is a
special case of this general correlator, with the somewhat unusual feature that (for i 6= j) the
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naive gravitational answer is zero, or at least very small, and the expected quantum answer is
dominated by the pseudorandom noise.
In a perturbative bulk computation, the Oj are sources for propagators of corresponding bulk
fields, and these propagators will link up in some way. Suppose first that we are computing the
diagonal term 〈ψi|ψi〉. Then the operators come in pairs (one from the ket and one from the
bra), and the propagator sourced by each ket operator can end at the corresponding bra operator.
This gives a large answer for the correlation function.
Next suppose that we are computing 〈ψi|ψj〉 with i 6= j. Since the strings of operators in the
bra and ket are now different, the propagators will not find natural pairs of operators to connect.
Depending on the details, the gravitational answer can either be zero or just small compared to
the diagonal inner product (exponentially smaller in the number of insertions).
Finally, consider |〈ψi|ψj〉|2. In the bulk theory, this means a computation with two asymptotic
boundaries: one with operators inserted to compute 〈ψi|ψj〉, and one with operators inserted to
compute 〈ψi|ψj〉. In this situation, there is again a natural pairing of the operator insertions,
where each insertion on boundary 1 is paired with a corresponding insertion on boundary 2. If a
wormhole connects the two boundaries together, then the propagators sourced at one boundary
can end at the other one. This again gives a large answer for the correlation function.
However, the gravitational action suppresses this wormhole geometry, leading to the e−S. To
some extent the suppression depends on details of the strings of operators, and on how much they
change the energy of the state they act on. For this reason, the e−S in (1.9) is a bit schematic.
But it is easy to see that it is correct at the level of the topological term in the gravitational
action, which weights each topology by eS0χ, where χ is the Euler characteristic. For the i = j
term we have a large contribution from a topology of two separate disks, while for the i 6= j
term, we need a cylinder, connecting the two boundaries together. So
|〈ψi|ψj〉|2
〈ψi|ψi〉〈ψj|ψj〉 ∝
eS0χcyl
e2S0χdisk
=
e0S0
e2S0
= e−2S0 . (1.14)
Since we are discussing a system where the initial state is a thermofield double of two copies of
the black hole, the topological contribution to the entropy is 2S0, so (1.14) agrees with (1.9).
In the rest of the paper, we study these wormholes in more detail. There are two main points:
1. The wormholes that compute |〈ψi|ψj〉|2 are classical solutions that depend on a small
amount of backreaction from the matter fields. They resemble the wormholes that compute
the Renyi entropy, but they require an ensemble interpretation in a more direct way.
2. In dilaton gravity coupled to matter fields, the contribution of the wormholes agrees quite
precisely with what one would expect for an ensemble average E{|〈ψi|ψj〉|2}.
For additional recent work with a range of viewpoints on wormholes, factorization, and aver-
aging in gravity, see [24, 25, 26, 27, 28, 29, 30, 31, 32, 33].
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2 Classical calculations
With this motivation, we will consider the wormhole that contributes to the square of (1.13):
∣∣∣∣Tr[ n∏
j=1
e−τjHOj
]∣∣∣∣2 ⊃ (2.1)
The sketch at right emphasizes that the operators on the left boundary connect with propagators
(dashed lines) to the corresponding operators on the right boundary. Other contractions can be
suppressed by taking the operators to be different, or by taking the Lorentzian time separations
(imaginary parts of τj) large. We have sketched a Euclidean configuration: the Lorentzian
evolution will be important, but it is hard to draw.
We will study the wormhole in a two-dimensional dilaton gravity theory, coupled to matter,
with the Euclidean action
I = −S0χ− 1
2
∫
d2x
√
g [φR + V (φ)] + Imatter + bdy terms. (2.2)
The special case V = 2φ is known as JT gravity [34, 35]. The dependence on the S0 term was
analyzed in (1.14) above, and we will drop it below.
Let’s first discuss some qualitative aspects. Wormhole solutions sometimes do and sometimes
do not exist [36, 21, 22]. In dilaton gravity, the basic challenge is that the action does not stabilize
the length ` across the wormhole. Indeed, if ` is fixed by hand, and all other modes are put on
shell, then the leftover action for ` is (see appendix A)
I = (β1 + β2)E(`) (2.3)
where E is the ADM energy measured at either end, and β1, β2 are the renormalized lengths
around the boundary circles. The energy E is a decreasing function of ` so there will not be a
stationary point for ` (in JT, E ∝ e−`). We can interpret this as saying that in a microcanonical
ensemble at fixed energy, the wormhole is classically independent of E, so in a canonical ensemble,
the Boltzmann factors cause E to run away to small values [6].
Even in the canonical ensemble, the instability can sometimes be removed by the effect of
matter fields. In the Maldacena-Qi wormhole [37], this is accomplished by adding an interaction
between the two boundaries [38]. In our case, the operator insertions will have a similar effect,
because they weight configurations according to the propagator from one end of the wormhole
to the other,
OjOj ∼ exp(−mj`). (2.4)
Such a factor can stabilize `, but unless we add a large number of operators, it will be stabilized
at a large value, where E is small. This means that with only a few operator insertions, the
dominant contribution to (2.1) comes from low energies. To focus on the contributions from a
particular energy, one can again use a microcanonical ensemble, where β is free to vary. For
small enough β, the (β1 + β2)E(`) term in the action will balance against the mj` term.
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However, this seems to create another problem: if β1,2 are small, it sounds like the wormhole
will have a short periodic direction, so the temperature of the bulk fields will be high, and
one may worry about quantum effects. This problem will be avoided by including Lorentzian
evolution. If the time between operator insertions is long (even if it goes forwards and then
backwards), the geodesic distance around the wormhole will be long.
Let’s now be more systematic. We will work out the classical dynamics with respect to a
time coordinate that goes around the periodic direction of the wormhole. A nice simplification is
that it is possible to work entirely within the phase space of the pure gravity theory. The matter
fields just provide impulsive forces that modify the dynamics of this theory at locations where
operators are inserted.
At a given instant of the periodic time coordinate, we have the phase space of the dilaton
gravity theory on an interval stretching from one boundary of the wormhole to the other. This
phase space is very simple, and in fact two-dimensional [39, 40, 41]. One can represent points in
phase space by thinking about spatial slices through a two-sided “thermofield double” black hole,
or Einstein-Rosen bridge. One phase space coordinate can be taken to be the aysmptotic energy
measured at either end (it is equal at the two ends), and the other coordinate is the difference
in Killing time between the two endpoints of the spatial slice, δt. Different slices with the same
endpoints are gauge-equivalent and correspond to the same point in the physical phase space.
These two coordinates, δt and E, are conjugate to each other, so that the Poisson bracket is
{δt, E} = 1. Instead of δt, we will find it a bit more convenient to use a coordinate θ defined as
the angle between the two endpoints of the spatial slice in Euclidean signature:
θ = = pi − 2pii
βE
δt, (2.5)
Here βE is the inverse temperature associated to the asymptotic energy E. For a particular
gravity theory, it would be a concrete function of energy. For example, in JT gravity, E = pi2/β2E.
From {δt, E} = 1 and (2.5), the Poisson bracket between E and θ is
{E, θ} = 2pi
βE
i. (2.6)
Our goal is to understand the dynamics in this phase space as we go around the periodic
direction of the wormhole, applying (complexified) time evolution and acting with operators.
This type of procedure is a bit more familiar in quantum mechanics, so we will keep the following
translation in mind. Suppose that a system evolves with quantum Hamiltonian Ĥ
Û(t) = exp(−iĤt) (2.7)
so that (Heisenberg picture) operators evolve according to
Â→ Â(t) = exp(it[Ĥ, ·])Â, (2.8)
where [·, ·] is the commutator. In a classical approximation, the operators are represented by
functions on phase space, and the corresponding statement is that if we evolve the system for-
wards using the classical Hamiltonian H, then these functions evolve as
A→ A(t) = exp(−t{H, ·})A (2.9)
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where {·, ·} is the Poisson bracket.
This general rule can be applied to our case. In between operator insertions, the quantum
evolution would be via the operator
Û = exp(−τjĤL − τjĤR). (2.10)
By complexifying t, and applying the above rule, this translates to the classical evolution
A→ exp (−i(τj + τj){E, ·})A (2.11)
where we used that HL = HR = E. Using the Poisson bracket (2.6), one can see that this is just
a translation in θ:
E → E, θ → θ − 2pi
βE
(τj + τj). (2.12)
At locations where the operators Oj and Oj are inserted, the propagator between them gives
an impulsive force that pulls the two boundaries together slightly [38, 42, 37]. We can analyze
the effect as follows. In a large-mass approximation for the bulk fields, the OjOj propagator is
ĜOj = exp
(
−mj ̂`) (2.13)
where mj  1 is the mass of the bulk field dual to the operator Oj, and ` is the regularized
geodesic length from one boundary to the other at the locations where the operators act. Classi-
cally, this length is some concrete function of E and θ that is fixed once we decide what gravity
theory we are studying. For example, in JT gravity,
`(E, θ) = log
(
1
E
sin2
(θ
2
))
. (2.14)
So, the effect of the operator insertions is to apply the operator (2.13), which acts in the Hilbert
space of the pure gravity theory. In a classical approximation, this operator induces the following
evolution in phase space
A→ exp (−imj{`(E, θ), ·})A. (2.15)
If the mass mj  E is small enough then we can linearize the effect. Using the Poisson bracket
(2.6), this implies
E → E +mj 2pi
βE
∂θ`(E, θ), θ → θ −mj 2pi
βE
∂E`(E, θ). (2.16)
Together with (2.12), this describes the evolution around the periodic direction.
The condition to have a classical solution is that the E and θ variables should be periodic.
This gives two equations, and we can solve these for the two “starting” values θ1, E1 at some
arbitrary point along the evolution. Alternatively, in the microcanonical ensemble, we would
instead fix E1 in advance, and look for a solution by varying the θ1 variable and also varying the
amount of Euclidean evolution in the first step τ1 + τ1.
1
1One can also consider a more fine-grained microcanonical ensemble, where energies Ej at some other locations
along the contour are also fixed in advance, and the corresponding τj + τj parameters are allowed to vary.
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2.1 An example with two operator insertions
Let’s discuss a simple case in more detail. Suppose that there are just two operator insertions,
separated in Lorentzian time and also separated by Euclidean time β/2:
Tr
[
e−
β
2
HW (t)e−
β
2
HV
]
= WV . (2.17)
The RHS is a diagram of the time contour in the boundary theory that would be used to compute
the LHS using the path integral. The circular portion represents Euclidean evolution and the
straight portions represent forwards and backwards real time evolution.
The square of this quantity gets a contribution from a wormhole, with two propagators
connecting the boundaries, and with two patches of pure gravity evolution in between. When the
masses of the bulk fields dual to W and V are equal, then there is a symmetry that interchanges
W ↔ V which implies that the energy in the two patches must be identical. This means E
can’t change when we apply an operator pair, ∂θ`(E, θ) = 0, with solution θ = pi. The other
requirement is that the change in the θ variable when we pass an operator pair should cancel the
change due to the evolution in between, which implies
m∂E`(E, θ) + β = 0. (2.18)
For the present case β1 = β2 = β, this is the same equation that we would find by balancing the
action (2.3) against two insertions of (2.4), considered as functions of E.
In JT gravity, (2.18) is explicitly
β =
m
E
. (2.19)
This is quite different from the thermodynamic relationship bewteen energy and inverse temper-
ature that we get from the disk topology in JT gravity, β = pi/
√
E. This means that on the
cylinder topology, the relationship between β and energy is different from the thermodynamic
one, and the square of the correlator (2.17) receives most of its contributions from very low
energies.2 As mentioned above, to focus on the contributions near a given fixed energy, we can
instead work in the microcanonical ensemble. To do so, we just view E as an input parameter,
and view β as a parameter of the solution, determined by (2.19).
Size of the wormhole: An important property of the wormhole is its circumference. This can
be defined by measuring the length of the a geodesic that wraps the wormhole. This geodesic
will exist in the complexified wormhole geometry.
There does not seem to be an easy way to compute this using the two-dimensional phase
space approach discussed above. But in appendix B, we construct the solution in JT gravity
using a more complicated but explicit method. There, the cylinder is formed from a quotient of
the hyperbolic space by an SL(2,R) group element T2(4y), and the length of the closed geodesic
on that geometry is b = 4y. From (B.16), one finds that in the large t limit, this length is
b = 4y ≈ 2pi
βE
(2t− 4t∗) (2.20)
2If we insert enough operators, then high energies will dominate. The main point is just that the energy that
dominates is not the one associated to β by thermodynamics; instead it depends on the operator insertions.
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where we have introduced the scrambling time
t∗ =
βE
2pi
log(
2pi
βEm
). (2.21)
Importantly, when the time separation of the operators t is large, the size of the wormhole
b becomes large. This retrospectively justifies the fact that we neglected nontrivial geodesics
connecting the operators together that wind around the wormhole. The contribution of such
geodesics will be exponentially suppressed in t.
Pattern of correlation: The actual geometry of the wormhole is a little difficult to visualize,
because (with nonzero Lorentzian evolution) it is a complex geometry. But to get a sense for
the rough properties of the solution, one can ask about the distances between different points on
the boundary, measured along geodesics through the bulk. We will show the basic pattern by
computing the distances between the points indicated with t1, t2, t3 here (note the direction of
the arrows, which indicates what positive t means for each case)
W
V
W
V
t1 t2
t3
(2.22)
For simplicity, let’s assume that the points are all closer to the end with the W operators than to
the end with the V operators, so that the periodicity of the cylinder is not important (remember
that at large times, the periodic direction is very long, proportional to t).
The basic qualitative feature is that the points 1 and 2 are close together through the worm-
hole, provided that t1 and t2 are similar, but points 1 and 3 are far apart, because of the chaos
sourced by the W operator. This is the same pattern of correlation as in numerical “replica
wormhole” solutions for the Renyi entropies in the SYK model [14, 43]. More explicitly, in
appendix C we find (for small mβE) the distances Dij
eD12 ≈ e2ρ cosh2( pi
βE
t12) (2.23)
eD13 ≈ e2ρ
[
i sinh( pi
βE
t13) +m
βE
pi
sinh( pi
βE
t1) sinh(
pi
βE
t3)
]2
, (2.24)
where ρ is the hyperbolic radius of the regularized boundary. The distance between points 1 and
2 is the same as on opposite sides of the thermofield double, and the distance between points 1
and 3 is the same as on opposites sides of an OTOC timefold.
2.2 An example with many operator insertions
Generally, the evolution equations described above lead to an energy that varies with time around
the wormhole. This reflects the fact that acting with a simple operator tends to raise the energy
of the state, and Euclidean evolution tends to decrease the energy. We can balance these against
each other at some equilibrium energy E0 by inserting Euclidean time evolution τ in between
the operators, with
2τ +m∂E`(E, pi)
∣∣∣
E=E0
= 0. (2.25)
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Then there will be a simple equilibrium solution with E = E0 and θ = pi. Including this Euclidean
evolution may seem somewhat artificial, but one can think of it as a simple modification of the
operators Oj so that they do not raise the energy.
We can use this approach to build a configuration with a large number of operators for which
the contribution of the wormhole can be evaluated easily. Consider two strings of operators
W = e−τHWn(tn) . . . e−τHW2(t2)e−τHW1(t1) (2.26)
V = e−τHVn′(t′n′) . . . e
−τHV2(t′2)e
−τHV1(t′1) (2.27)
where the value of τ is chosen as described above. We can form states by acting with these
operators on one side of a microcanonical version of the thermofield double state at energy
E = E0, which we will refer to as |E0〉:
|ψW〉 = W|E0〉, |ψV〉 = V|E0〉. (2.28)
The state |E0〉 could be prepared by doing an integral over thermofield double states
|E0〉 =
∫
iR
dβ e
β
2
E0+β2 |TFD(β)〉. (2.29)
Here  determines the width of the microcanonical ensemble.
Then in a classical approximation, we claim that
|〈ψW|ψV〉|2
〈ψW|ψW〉〈ψV|ψV〉 =
�� ���� �� = e−2SBH(E0), (2.30)
where SBH(E) is the thermodynamic entropy of a single black hole at energy E. Because we are
considering two copies of the system, the entropy of the total system is 2SBH . This agrees with
(1.9) with S equal to the standard thermodynamic entropy.
The ratio (2.30) is independent of the normalization of the states, but to understand why
this is the answer, it is convenient to use states normalized in the natural way that the gravity
path integral gives, so that 〈TFD(β)|TFD(β)〉 = Z(β). In this same normalization, we have (up
to a subleading factor that depends on )
〈E|E〉 = eSBH(E). (2.31)
The main point underlying (2.30) is that the effect of the operator insertions cancels out between
the numerator and the denominator. Part of the reason this is possible is that the same set of
operators appear in both cases, and they will be connected by propagators in the same pattern.
But by itself, that isn’t enough, because the contribution of the operators depends on the detailed
geometrical configuration, in particular, it depends on the E, θ variables at the locations where
the operators are inserted. However, since we matched the energy of the state |E0〉 to the
equilibrium energy for the strings of operators W and V, we will have a simple solution E = E0
and θ = pi throughout the region where the operators act. This will be true both in the numerator
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and the denominator, so the insertions will not be able to “feel” whether they are in the wormhole
in the numerator or the disks in the denominator.
This means that the operator insertions cancel out, and we are left with the pure gravity con-
tribution of a microcanonical cylinder divided by two microcanonical disks. The disks compute
the square of the inner product (2.31), and the action for the cylinder is zero. (One way to see
this is to note that the on-shell microcanonical cylinder with no insertions is formally a cylinder
with zero length in the periodic direction, β = 0, and zero classical action (2.3).)
3 Quantum calculations
Let’s now repeat the same discussion quantum mechanically, using the exact quantization ap-
proach that was applied to JT gravity in [44, 45, 46, 7]. We will discuss the computation for
a general dilaton gravity theory, making a simplifying assumption that the Lorentzian time
separations between the operator insertions is large.
We continue to omit the topological S0 term from the dilaton gravity action, since it was
already seen in (1.14) to give the expected contribution.
As in the classical discussion, it is convenient to think about a time coordinate that goes
around the periodic direction of the wormhole. At each instant of this time, we have the Hilbert
space of dilaton gravity on an interval, which can be parametrized in terms of states |E〉 with
definite asymptotic energy, or states |`〉 of definite regularized length. Boundary time evolution
is simple in the |E〉 basis, and the operator insertions are simple in the |`〉 basis. To translate
between the two, we need the inner product 〈`|E〉. It will be convenient to normalize this so that
the measure for energy contains a factor of ρ(E), the density of states in the disk approximation.
With this convention, the completeness and orthogonality relationships are∫ ∞
−∞
d` 〈E|`〉〈`|E ′〉 = δ(E − E
′)
ρ(E)
(3.1)∫ ∞
0
dE ρ(E)〈`|E〉〈E|`′〉 = δ(`− `′). (3.2)
For the special case of JT gravity, the functions 〈`|E〉 [44, 45, 46, 7] and ρ(E) [5, 47] are known:
〈`|E〉 = 23/2K2i√E(4e−`/2), ρ(E) =
1
(2pi)2
sinh(2pi
√
E). (3.3)
However, to demonstrate agreement with the predictions of an ensemble, we will not need these
explicit functions, so the discussion will apply to a more general dilaton gravity theory.
In between operator insertions, the boundary time evolution is given by the operator e−(τL+τR)Ê,
where τL and τE are the amounts of (complexified) Euclidean time evolution on each boundary.
Because the energy at the two asymptotic boundaries is the same, the operator only depends on
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the sum of the two times. The matrix elements of this operator in the ` basis are
〈`′|e−(τL+τR)Ê|`〉 = 𝜏L 𝜏Rℓ
ℓ'
=
∫ ∞
0
dE ρ(E)e−E(τL+τR)〈`′|E〉〈E|`〉. (3.4)
This can be understood as the exact dilaton-gravity path integral on this rectangular geometry,
with two geodesic boundaries and two asymptotic boundaries [46, 7]. With our conventions,
which differ slightly from the JT gravity computations in [46, 7], this rectangle can be glued
together with another rectangle by integrating over the length of their shared geodesic boundary
with measure d`. To see that this is the right measure, one can use (3.1) to check that gluing
together two rectangles produces another rectangle:∫ ∞
−∞
d`′〈`|e−(τL+τR)Ê|`′〉〈`′|e−(τ ′L+τ ′R)Ê|`′′〉 = 〈`|e−(τL+τR+τ ′L+τ ′R)Ê|`′′〉. (3.5)
Next consider the operator insertions. Because the Lorentian time evolution between opera-
tors is assumed to be large, we only need to consider the case where the bulk propagators connect
each operator Oj to its partner O†j on the other boundary. Also, as we saw in the classical calcu-
lation, the large time evolution results in a cylinder with a long periodicity, so the propagators
will not “feel” the periodicity. Inserting the operator pair on the two boundaries can therefore
be translated to an operator insertion ĜO that acts on the Hilbert space of dilaton gravity on
an interval. For example, for a sufficiently massive field, the geodesic approximation to the two
point function gives
ĜO =
∫ ∞
−∞
d` |`〉e−m`〈`| (3.6)
however, we will not need to assume this form. Below, we will use this operator in the energy
basis. We will not need the explicit answer, but for the particular case of JT gravity, one has
[44, 48, 46]
〈E|ĜO|E ′〉 =
∫ ∞
−∞
d` 〈E|`〉e−∆`〈`|E ′〉 = Γ(∆± i
√
E ± i√E ′)
22∆−1Γ(2∆)
. (3.7)
Here the symbol in the numerator means a product of four Gamma functions, one for each of
the four different choices of ± signs, and ∆ is the conformal dimension of the operator O.
Having understood both the time evolution and the operator insertions, one would naively
expect to be able to form the cylindrical wormhole by taking a product of the time evolution
operators and the ĜO operators (which combine to make a long rectangle) and then gluing the
ends together. Near this “seam,” the gluing looks the same as the gluing we do to join two
rectangles together to form a larger rectangle. Locality of JT gravity therefore implies that the
same d` measure will be correct for this gluing as well.34
3For JT gravity we also checked this explicitly by starting with the Weil-Petersson measure. It’s a bit tricky.
4In principle, one should also weight by the partition function of the matter fields. Neglecting this is a good
aproximation if the wormhole has a large circumference b, since fields will get projected into their ground state (at
least for conformal matter [6]). In the classical solution, b is proportional to time, so this is a good approximation
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However, there is a global problem with this naive gluing, because the geodesic connecting
different points on a cylinder is non-unique. As explained in [7], by integrating freely over the
geodesic length, we are including winding geodesics, and therefore counting the same cylinder
multiple times. Mathematically, we are failing to account for the mapping class group Z for the
cylinder. Fortunately, when the total Lorentzian time evolution t is large, the classical solution
we found above has a very large circumference, b ∼ t. This means that winding geodesics will be
much longer than non-winding geodesics. Since the lengths of the geodesics that we glue across
determine the correlation functions of the operator insertions, the winding geodesics will give
exponentially small contributions e−#t. So for large t it is actually allowable to forget about
winding geodesics altogether, and to glue rectangles together to form a cylinder in the naive way.
We can now write a final expression for the wormhole contribution to the square of the
correlator, by taking the trace of a product of the time evolution operators and the Ĝ insertions∣∣∣∣Tr[ n∏
j=1
e−τjHOj
]∣∣∣∣2 = ∫ ∞−∞ d` 〈`|∏j e−(τj+τj)ÊĜOj |`〉 (3.8)
=
n∏
j=1
∫ ∞
0
dEjρ(Ej)e
−(τj+τj)Ej〈Ej|ĜOj |Ej−1〉. (3.9)
We have not given answers for ρ or for 〈E|G|E ′〉 except in the special case of JT gravity. But
even so, in the next section, we will show that it agrees with the predictions of a simple ensemble
average of the answer one expects based on a statistical theory of the “noise.” Finally, because we
will use it below, here is a special case of (3.9) for the configuration with two operators discussed
in section 2.1:∣∣∣∣Tr [e−β2HW (t)e−β2HV ] ∣∣∣∣2 = ∫ ∞
0
dEdE ′ρ(E)ρ(E ′)e−β(E+E
′)〈E|ĜW |E ′〉〈E ′|ĜV |E〉. (3.10)
4 Matching to an ensemble answer
As in previous work by Saad [7] and Blommaert [10] on related quantities (see section 6.2 of
[7]), the formula (3.9) can be interpreted in terms of a formal ensemble average. This is formal
because we do not have a precise ensemble of theories in mind. But for late-time quantities
there is some degree of universality, so that different ensembles will lead to approximately the
same answers. So, in this context it makes sense to talk about the predictions of an “ensemble”
without actually specifying very much about the ensemble.
For simplicity, we will study the case with two operators arranged as in (3.10). To start, one
can write out this quantity in terms of matrix elements in the energy basis
f(t) = Tr
[
e−
β
2
HW (t)e−
β
2
HV
]
=
∑
nm
〈n|W |m〉〈m|V |n〉e−β2 (En+Em)eit(En−Em). (4.1)
for late time. However, in the full path integral, we integrate over b, and in fact there is an exponential divergence
as b → 0 [23]. We are assuming that this divergence can be cured in a more complete bulk theory [37]. But
we should view the quantum computation above as correctly including all fluctuation effects near the classical
solution, but not correctly computing the contribution from very small wormholes, which will depend on more
details of the bulk theory. If the b→ 0 region is made finite, it should give a small answer at late time.
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It is important to emphasize that in this section, the quantum states are quantum states in the
boundary Hilbert space, not in the Hilbert space of gravity on an interval. The states |n〉, |m〉
represent energy eigenstates of the boundary quantum mechanics.
Now, we would like to make a prediction for the ensemble average of this quantity, over some
ensemble of boundary quantum systems. In a continuous ensemble of theories, we expect the
average of f(t) to converge at late time to some value, which can also be obtained by averaging
over a long time window. Such time averaging will force En = Em in order to avoid phase
cancellations, so
lim
t→∞
E
{
f(t)
}
=
∑
n
E
{
〈n|W |n〉〈n|V |n〉
}
e−βEn . (4.2)
Repeating the same logic for the ensemble average of |f(t)|2, we find
lim
t→∞
E
{
|f(t)|2
}
−
∣∣∣E{f(t)}∣∣∣2 = ∑
n,m
E
{
|〈n|W |m〉|2|〈m|V |n〉|2
}
e−β(En+Em). (4.3)
This is the quantity that we would like to compare to the wormhole contribution. We will assume
that the W and V matrix elements are approximately uncorrelated, so that this expectation value
can be computed using the functions
E
{
|〈n|W |m〉|2|
}
= |WEn,Em |2, E
{
|〈n|V |m〉|2|
}
= |VEn,Em|2. (4.4)
In terms of these quantities, we find
lim
t→∞
E
{
|f(t)|2
}
−
∣∣∣E{f(t)}∣∣∣2 = ∫ dEdE ′ρ(E)ρ(E ′)|WE,E′|2|VE,E′|2e−β(E+E′). (4.5)
To finish the job and turn this into a useful prediction, we need to determine the functions
|WE,E′|2 and |VE,E′ |2 that were defined in (4.4). These can be determined by consistency with
thermal two point functions, which are self-averaging:
Tr
[
e−βHW (τ)W †(0)
]
=
∑
m,n
|〈n|W |m〉|2e−(β−τ)En−τEm (4.6)
≈
∫
dEdE ′ρ(E)ρ(E ′)|WE,E′ |2e−(β−τ)E−τE′ . (4.7)
So, given the thermal two point function on the LHS, in principle one can solve this equation to
determine |WE,E′ |2, and then make a prediction for (4.5). In fact, it is easy to carry this out in
practice and show (see [44, 48, 46] and appendix D) that for a boundary theory dual to dilaton
gravity,
|WE,E′|2 = 〈E|ĜW |E ′〉. (4.8)
Plugging into the RHS of (4.5), we find precise agreement with the wormhole computation
(3.10). So the wormhole computation agrees with the universal answer expected at late times
in an ensemble of theories. An interesting feature is that in the bulk computation, the late-
time behavior sets in quite quickly, on scrambling timescales. This provides some additional
information about the ensemble.
One can generalize this to the case with more operator insertions, and again one finds agree-
ment with (3.9) provided that the time separations between operator insertions are large.
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5 Replica wormholes and factorization
When spacetime wormholes connect together disconnected boundaries, it is tempting to interpret
them in the context of an ensemble average [19, 20, 21, 22]. This is because the contradiction in
Z = Z2 = + (5.1)
can be avoided by the interpretation
E{Z} = E{Z2} = + (5.2)
In these drawings, we are assuming Z is some boundary observable that is computed in the
holographic dual by filling in a boundary circle with 2d geometry.
Do the replica wormholes involved in the Page curve computations have to be interpreted
this way? If we treat the computation as a black box, then the answer is no. For a black hole
evaporating into a bath, the replica wormhole for the Renyi entropy looks schematically like
Tr(ρ2) =
BH BH
bath
bath
interactions
(5.3)
The boundaries are not actually disconnected, because of the interactions between them, so there
is no obvious factorization problem. Unlike Z2 in the previous example, Tr(ρ2) is not supposed
to be the square of any simpler quantity.
But we can look inside the box and ask how much gravity knows about ρ itself, beyond just
its entropy. To examine individual matrix elements, one can replace the interactions by operator
insertions. Following [14], the main point of this paper was that the wormhole still exists:
|ρiW iV |2 =
W1W2W3W4
V1V2V3V4
W1W2W3W4
V1 V2 V3 V4
(5.4)
And now there is a problem with factorization. This seems consistent with the idea that sim-
ple gravity (without branes/strings/whatever makes up the black hole microstates) is trying to
describe some (formal) ensemble of boundary theories.
For a more complete bulk theory that contains microstates, one hopes that (5.3) is still a
step in the right direction. What about (5.4)? For many purposes, actual randomness is a good
practical description of pseudorandomness. But is it a first step in a precise description of it?
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A Wormhole with length stabilized by hand
Consider a general solution to a dilaton gravity theory
ds2 = F (ρ)2dy2 +G(ρ)2dρ2, φ = φ(ρ), y ∼ y + 1. (A.1)
A wormhole solution would be one where F and φ are large at the two ends of an interval in ρ,
and smaller in between. In the pure dilaton gravity theory, there is no solution of this type, but
there is a solution if we fix the length ` between the two boundaries. In practice, it is convenient
to study this by going through an intermediate step where we do not fix `, but instead we add
a “length potential” m` to the action.
The full action including the length potential is
I = −1
2
∫
d2x
√
g(φR +W (φ)) +m`+ Ibdy (A.2)
= −1
2
∫
dρ
(
−2φ
(
F ′
G
)′
+ FGW (φ)
)
+m
∫
dρG+ Ibdy. (A.3)
By a reparametrization of ρ, we will set G = 1. The equations of motion that one gets by varying
with respect to F and G are
−φ′F ′ + W (φ)
2
F = m (A.4)
−φ′′ + W (φ)
2
= 0. (A.5)
If m = 0, these equations forbid a wormhole solution. If φ is large and positive at the two
ends, and smaller in the middle, then there must be a location where φ′ = 0. At this point φ′′
cannot also vanish, since otherwise the solution would be constant φ, equal to the value where
W (φ) = 0. But it is easy to see from the above equations that if m = φ′ = 0 but φ′′ 6= 0, then
F = 0 which would mean that the wormhole degenerates somewhere in the middle.
On the other hand, for m > 0 there does not seem to be any problem solving these equations.5
We would like to work out the action of the solution. The boundary term evaluated at the two
5For example, in JT gravity where W (φ) = 2φ, one can check that the following is a solution
F = A cosh(ρ), φ = B cosh(ρ) + C sinh(ρ), AB = m. (A.6)
16
boundaries (call them 1 and 2) is
Ibdy = −
∫
1,2
√
h(K − 1)φ = (F − F ′)φ∣∣
2
+ (F + F ′)φ
∣∣
1
. (A.7)
Adding this to the bulk action, which can be simplified using the equations of motion, we find
I = ((φ− φ′)F +mρ) ∣∣
2
+ ((φ+ φ′)F −mρ) ∣∣
1
=
β2

(φ− φ′)∣∣
2
+
β1

(φ+ φ′)
∣∣
1
+m` (A.8)
= β1E1 + β2E2 +m` = (β1 + β2)E +m`. (A.9)
In the second step, we used that the length of the boundaries should be β1/ and β2/, which
implies that at the boundaries, F = β1/ and β2/. In the third step, we used that the ADM
energy is E = (φ−∂nφ)/ (see e.g. [49]). In the last step we used that in the pure dilaton gravity
theory, the energies are equal at the two ends.
This is the on-shell action with fixed “length potential” m, i.e. I(m). To study the problem
with fixed length, we can do a Legendre transform, finding6
I(`) = (β1 + β2)E(`). (A.10)
B Two operator insertions in JT gravity
We will discuss some details of the wormhole that contributes to the two-operator case
∣∣∣Tr [e−β2HW (t)e−β2HV ]∣∣∣2 ⊃ WV W
V
(B.1)
using a very explicit method different from what we used in the main text. A classical solution
means a configuration that satisfies both the boundary conditions and the equations of motion.
The boundary conditions constrain the lengths of the regularized boundaries (the boundaries of
the shaded region). We will work with JT gravity, where a convenient feature is that the local
bulk properties are frozen to be hyperbolic, so to solve the equations of motion one just needs
to determine the moduli of the cylinder and the shape of the boundary trajectories.
The equations of motion imply that away from operator insertions, the boundary follows a
circular trajectory in hyperbolic space (a trajectory of constant extrinsic curvature K > 1). So
we will build up the configuration from an ansatz of circular arcs that meet at the locations of
the operator insertions. Below, we show in pictures how to construct the ansatz for the boundary
trajectories out of a collection of circular arcs:7
6So there is a zero-action solution with β1 = β2 = 0 and E equal to anything. This solution is formal, because
the wormhole has zero size and will have large quantum corrections from dynamical matter. A better-defined
solution is the double cone [6], where β1 = it and β2 = −it and again E is equal to anything.
7The drawings are for the case where the time argument of the W operator, t, is imaginary. For real t, we will
later take x to be imaginary. Note the difference between the regulated and true boundaries of AdS is exaggerated.
In the standard asymptotic limit of JT gravity, one takes the circular arcs to be large and near the true boundary,
so the shaded region fills up nearly the whole cylinder.
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T1(x) T2(y)
start with a circle of radius
 ρ in the hyperbolic disk
translate to the right translate upwards
 
we end up with this
repeat with opposite translations focus on the shaded region,
erase some stuff we don't need
glue another copy on top
to make a cylinder
W
W
V
V
ρ
x y
This ansatz depends on three parameters: ρ, x, y. To find the actual solution, we will impose
the boundary conditions and also a condition at the corners where operators are inserted. To
impose the boundary conditions, it is helpful to exchange ρ, x, y for θ1, θ2, d, defined here:
2d
θ1
θ2
(β/2
+
it)
/2
(β/2
-it
)/
2
The regularized lengths of the two arcs indicated with arrows at right are constrained by the
boundary conditions to be (β/2± it)/2, so that when we glue two copies together, the V and W
operators are separated by distance either β/2 + it or β/2− it.
Write d, θ1, θ2 in terms of x, y, ρ
Working out the change of variables between these parameters is a straightforward geometry
problem. We will not go through the details, but we will write some useful tools, because
they will also be used later. It is convenient to represent hyperbolic space as the hyperboloid
X ·X = −1 embedded in Minkowski space with signature (−,+,+). In terms of these “embedding
coordinates,” the geodesic distance D between a pair of points is
cosh(D) = −X ·X ′. (B.2)
A circle of radius ρ centered at the origin has the parametrization
X = {cosh(ρ), sinh(ρ) cos(θ), sinh(ρ) sin(θ)} (B.3)
where θ varies from zero to 2pi, and ρ is fixed. The “horizontal” and “vertical” translations
used in the second and third steps of constructing the ansatz above act on these embedding
coordinates as Lorentz boosts
T1(x) =
 cosh(x) sinh(x) 0sinh(x) cosh(x) 0
0 0 1
 , T2(y) =
 cosh(y) 0 sinh(y)0 1 0
sinh(y) 0 cosh(y)
 . (B.4)
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Another useful transformation is the counterclockwise rotation
R(θ) =
 1 0 00 cos(θ) − sin(θ)
0 sin(θ) cos(θ)
 . (B.5)
Using these formulas and some geometry, one can work out d, θ1, θ2 in terms of x, y, ρ:
cosh(d) = cosh(x) cosh(y), tan(θ1) =
tanh(y)
sinh(x)
, cos(θ2) =
tanh(d)
tanh(ρ)
. (B.6)
Fix the boundary lengths in terms of β, t
In JT gravity, the time evolution operator for Euclidean time τ is represented by a segment of
the boundary with regularized length τ . More precisely, this means that the length is τ/, where
 is a holographic renormalization parameter that will be taken to zero later. In the correlation
function we are studying, the time separation between the V and W operators is β/2 ± it. In
order for the wormhole configuration to satisfy these boundary conditions, we need to impose
2(pi − θ1 − θ2) sinh(ρ) = β/2 + it (B.7)
2(θ1 − θ2) sinh(ρ) = β/2− it. (B.8)
Impose SL(2,R) charge conservation at the corners
These boundary conditions impose two equations on the three-parameter ansatz constructed
above. The third equation comes from requiring SL(2,R) charge conservation at the corners
where the operators are inserted. In the classical approximation to the bulk theory, the operators
W,V are represented as endpoints of geodesics along which massive particles propagate. The
mass is related to the dimension of the operator, and for simplicity we will take the masses of
the two to be identical, each equal to m.
The angle of the corner in the trajectory of the boundary particle is determined by the
condition that the change in SL(2,R) charge of the boundary particle equals the charge of the
bulk particle of mass m. The charge of the boundary particle can be determined as follows. The
SL(2,R) charge of the circular solution (B.3) is
Qa = −{ γ
cosh(ρ)
, 0, 0}, γ = 1
2
, (B.9)
and the charge for a different circle is determined by the SL(2,R) transformation of this charge.
Charge conservation at the corner requires Qupper circle −Qlower circle = q, where q is the charge of
the particle of mass m. Due to the symmetry of the configuration, these vectors are automatically
proportional, so it is sufficient to impose that their squares are equal. The square of the charge
of a particle of mass m is q · q = m2, so we should impose
1
(2 cosh(ρ))2
(
T2(y)T1(x){1, 0, 0} − T2(−y)T1(−x){1, 0, 0}
)2
= m2. (B.10)
It is straightforward to show that this implies√
1 + ( cosh(ρ)m)2 = cosh(x) cosh(y). (B.11)
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Solve the equations at large ρ
There are now three equations for three unknowns. We will write the solutions in the standard
asymptotic limit of JT gravity, where the holographic renormalization parameter  is taken to
zero. In this limit, ρ goes to infinity. It is convenient to write
2pi sinh(ρ) = βE (B.12)
and then take ρ large and  small with this parameter held fixed. The parameter βE should be
understood as a parametrization of the energy of the boundary particle, which is
E =
pi2
β2E
. (B.13)
A feature of this parametrization is that βE is the inverse temperature that corresponds to energy
E in the standard thermodynamic approximation on the disk topology. One could have simply
written everything below directly in terms of E, but we prefer to use βE.
After making this substitution, the equations determining θ1 and θ2 become
θ1 =
pi
2
− piit
βE
, θ2 =
pi
2
− piβ
2βE
. (B.14)
These equations can be substituted into (B.6). Together with (B.11), this gives three equations
that can be rearranged into
tan(
piβ
2βE
) =
mβE
2pi
(B.15)
sinh2(y) =
(
βEm
2pi
)2
1 + tan2(piit
βE
)
(B.16)
cosh2(x) =
(1 + (βEm
2pi
)2)(1 + tan2(piit
βE
))
1 + (βEm
2pi
)2 + tan2(piit
βE
)
. (B.17)
These determine the parameters βE, x, y of the solution, in terms of the input parameters m, t, β.
C Distances betwen points in the two-operator solution
First we compute the distance between points 1 and 2. If we cut the cylinder open along (say) the
geodesic connecting the V operators, then resulting geometry will be a portion of complexified
hyperbolic space. Points 1 and 2 will lie on the same complexified circle of radius ρ, separated
by angle α = 2θ2 +
2pi
βE
i(t1 − t2). The distance D between these points satisfies
cosh(D12) = −{cosh(ρ), sinh(ρ), 0} ·R(α){cosh(ρ), sinh(ρ), 0}, (C.1)
which leads for large ρ to
eD12 = −e2ρ sinh2(−iθ2 + piβE t12) ≈ e
2ρ cosh2( pi
βE
t12). (C.2)
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In the second expression, we approximated θ2 ≈ pi/2 as is appropriate for the case with mβE  1.
To compute the distance between points 1 and 3, it is helpful to understand better what
happens at the corners in the solution. At each of the corners, the boundary particle turns
sharply by angle φ. One can show that the angle is
cos(φ) = 1− 2sinh
2(d)
sinh2(ρ)
=⇒ φ ≈ 2m. (C.3)
It is convenient to work in an SO(2,1) frame where the point that we are rotating around sits at
the “right side” of a circle centered at the origin: {cosh(ρ), sinh(ρ), 0}. Then the rotation that
fixes this point is
Φ = T1(ρ)R(2m)T1(−ρ) ≈ exp
−mβE
pi
 0 0 10 0 1
1 −1 0
 . (C.4)
So, time evolution on one side of the kink is described by the rotation operator R, and time
evolution on the other side is described by the conjugated operator ΦRΦ−1. Using this, one can
work out the distance between points on the two sides of the kink as
cosh(D13) = −{cosh(ρ), sinh(ρ), 0} ·R−1(2piiβE t1)ΦR(2piiβE t3)Φ
−1{cosh(ρ), sinh(ρ), 0}. (C.5)
This leads for large ρ to
eD13 = e2ρ
[
i sinh( pi
βE
t13) +m
βE
pi
sinh( pi
βE
t1) sinh(
pi
βE
t3)
]2
. (C.6)
D Two point function on the disk
Here we compute the two point function in dilaton gravity on the disk topology (see [44, 48, 46]
for the JT gravity case). We will follow the approach in [46], which starts with the TFD state
on the disk [41, 46]
|τ〉 =
∫ ∞
0
dE ρ(E)e−τE|E〉. (D.1)
To compute the two point function of W , one glues together two copies of this state, weighted
by the propagator of the W particle,
Tr
[
e−βHW (τ)W †(0)
]
=
ℓ�
β-� WW = 〈β − τ |ĜW |τ〉 (D.2)
=
∫ ∞
0
dEdE ′ρ(E)ρ(E ′)e−(β−τ)E−τE
′〈E|ĜW |E ′〉. (D.3)
By matching this to (4.7), one finds that for dilaton gravity, |WE,E′|2 = 〈E|ĜW |E ′〉.
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